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1. Introduction and notations
In recent years, there has been an increasing interest in factorization properties
of monoids and integral domains which do not have unique factorization. For
an overview of these investigations the reader may consult the volume [1], and
in particular the article [2]. In this paper, we reconsider an approach of the third
author [15]. The idea is to study monoids which are not too far away from factorial
monoids and thus share some of their nice factorization properties. This idea was
made precise in [15] by the introduction of inside factorial and outside factorial
monoids (see Definition 1 below). There the author succeeded in characterizing
outside factorial monoids as special Krull monoids and integrally closed inside
factorial monoids as special rational generalized Krull monoids.
In the meantime, we have a better understanding of the ideal theory and divisor
theory of monoids and the associated class groups. Using these tools, we give a
fresh characterization of outside factorial and integrally closed inside factorial
monoids using class groups (Theorems 1 and 3). We are also able to characterize
inside factorial monoids in general (Theorem 4), to describe the structure of
their Cale bases (Theorem 2) and to characterize inside factorial monoids among
weakly Krull monoids. In particular, we characterize inside factorial monoids
among the multiplicative monoids of orders in algebraic number fields.
Throughout this paper, a monoid H means a commutative and cancellative
semigroup, mostly written multiplicatively, with an identity element 1. For
a, b ∈H , we write as usual a |H b if b = ac for some c ∈ H , and simply a | b
if there is no danger of confusion. Two elements a, b ∈ H are called associated
if a | b and b | a. We denote by H× the group of invertible elements of H , by
Hred =H/H× the associated reduced monoid and byQH a quotient group of H .
By an overmonoid of H we mean a monoid between H andQH , and a submonoid
S ⊂H is always assumed to have 1S = 1H . A family (Hi)i∈I of overmonoids of
H is called of finite character if every element of QH lies in H×i for almost all
i ∈ I , and it is called a defining family of H if H =⋂i∈I Hi .
By an ideal of H we mean a subset ∅ = J ⊂ H satisfying JH ⊂ J , and we
denote by
√
J the radical of J . An ideal P of H is called a prime ideal if H \ P
is a submonoid of H . We denote by spec(H) the set of all prime ideals of H and
by X(H) the set of all minimal prime ideals of H . For a prime ideal P ∈ spec(H)
we denote by
HP =
{
s−1a | s ∈H \ P, a ∈H}⊂QH
the quotient monoid of H with respect to P . An overmonoid D ⊃ H is called
H -essential if D =HP for some P ∈ spec(H).
For undefined notions (especially concerning the ideal and divisor theory of
monoids) we refer the reader to [10]. Observe however, that in [10] all monoids
are assumed to contain a zero element so that formally we must adjoin a zero
element before applying those results.
352 S.T. Chapman et al. / Journal of Algebra 252 (2002) 350–375
We denote by N the set of positive integers and set N0 =N∪ {0}.
Recall that a monoid homomorphism ϕ :H →D is called a divisor homomor-
phism if, for all a, b ∈ H , ϕ(a) |D ϕ(b) implies a |H b. With this notion, we can
rephrase the definitions of outside and inside factorial monoids as follows.
Definition 1. A monoid H is called
(a) outside factorial, if there exists a divisor homomorphism ϕ :H → D into
a factorial monoid D such that for every x ∈D there exists some n ∈N with
xn ∈ ϕ(H);
(b) inside factorial, if there exists a divisor homomorphism ϕ :D → H from
a factorial monoid D such that for every x ∈H there exists some n ∈N such
that xn ∈ ϕ(D).
Our paper is organized as follows. In Section 2 we investigate rational
generalized Krull monoids and their class groups. As a consequence, we obtain
a fresh proof for the characterization of outside factorial monoids given in [15].
In Section 3 we introduce Cale bases, investigate them using extraction analysis
and explore their fundamental role for the arithmetic of inside factorial monoids.
In Section 4 we characterize root-closed inside factorial monoids and in particular
the Krull monoids among them. In Section 5 we characterize inside factorial
monoids among weakly Krull monoids. Finally, in Section 6 we apply our results
to noetherian integral domains. In particular, for orders in algebraic number fields,
we relate the condition of being inside factorial to several other arithmetical
properties (Proposition 9).
2. Generalized Krull monoids and their class groups
Let ϕ :H →D be a monoid homomorphism andQϕ :QH →QD its quotient
homomorphism. Then
C(ϕ)= (QD)/(Qϕ)(QH)D×
is called the class group of ϕ. For a ∈D, we denote by [a] ∈ C(ϕ) the class of a.
The homomorphism ϕ is called cofinal if for every a ∈D there exists some u ∈H
such that a | ϕ(u). Clearly, ϕ is cofinal if and only if
C(ϕ)= {[a] | a ∈D}.
Let It (H )∗ be the monoid of all t-invertible t-ideals of H and Ct (H ) the (t-)class
group of H . The canonical divisor homomorphism
∂ :
{
H → It (H )∗
a → aH
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is cofinal and, by the very definition of Ct (H ), there is a natural isomorphism
C(∂) ∼→ Ct (H ).
A (rational) generalized Krull monoid H is a monoid that possesses a defining
system of finite character consisting of H -essential (rational) primary valuation
monoids. Recall that a monoid V is called a primary valuation monoid if there
exists a subgroup Γ of (R,+) such that Vred is isomorphic to Γ0 = {γ ∈ Γ |
γ  0}. If Γ ⊂Q, then V is called a rational primary valuation monoid. We start
with an idelic description of the class group of a generalized Krull monoid.
For a family (Hi)i∈I of monoids, we consider their coproduct∐
i∈I
Hi =
{
(xi)i∈I ∈
∏
i∈I
Hi
∣∣∣∣ xi = 1 for almost all i ∈ I
}
.
For the convenience of the reader, we state the following simple lemma and give
its proof.
Lemma 1. Let H be a monoid and (Hi)i∈I a defining system of H of finite
character. Then the reduced diagonal homomorphism
δ :
{
H → D =∐i∈I (Hi)red
a → (aH×i )i∈I
is a divisor homomorphism.
Proof. If a ∈H , then a ∈H×i and hence aH×i = 1 ∈ (Hi)red for almost all i ∈ I
(since (Hi)i∈I is of finite character). Therefore δ :H → D as given above is
a monoid homomorphism. If a, b ∈ H and δ(a) | δ(b), then a−1b ∈ Hi for all
i ∈ I ; hence a−1b ∈ H (since (Hi)i∈I is a defining system) and, consequently,
a | b. ✷
If H is a (rational) generalized Krull monoid, then every prime t-ideal of H
is t-maximal, and therefore the set of all prime t-ideals of H coincides with
the set X(H) of all minimal prime ideals of H . Moreover, {HP | P ∈ X(H)}
is the smallest defining system of finite character of H consisting of H -essential
valuation monoids, and therefore HP is a (rational) primary valuation monoid for
every P ∈X(H); for these facts see [10, Theorem 22.4].
Proposition 1. Let H be a generalized Krull monoid and
δ :H →D =
∐
P∈X(H)
(HP )red
the reduced diagonal homomorphism. Then δ is a quasi-divisor theory, and there
is a natural isomorphism C(δ) ∼→ Ct (H ).
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Proof. By Lemma 1 and the remarks above, δ is a divisor homomorphism. By
[10, Theorem 20.5], it is sufficient to prove that δ is a quasi-divisor theory. Note
that D is a reduced GCD-monoid in which the gcd is determined component-
wise. We view the monoids (HP )red as submonoids of D. Then every α ∈D \ {1}
has a unique factorization α = α1 · · ·αn, where αi ∈ (HPi )red \ {1} for distinct
P1, . . . ,Pn ∈X(H). Hence it is sufficient to show:
For everyP ∈X(H) and 1 = α ∈ (HP )red, there exist elements b1, . . . , bm ∈H
such that α = gcd{δ(b1), . . . , δ(bm)}.
If P ∈X(H) and 1 = α ∈ (HP )red, then α = aH×P for some a ∈ P . Let P , P1,
. . . , Pn be all prime t-ideals of H containing a, and pick elements ai ∈ P \ Pi .
Since HP is primary, there exists some N ∈ N such that a | aNi in HP for all
i ∈ {1, . . . , n}. Now it is evident that α = gcd{δ(a), δ(aN1 ), . . . , δ(aNn )}. ✷
Proposition 2. Let H be a monoid, I a set and ϕ :H → Q(I )0 a divisor
homomorphism. Then H is a rational generalized Krull monoid, and there is
a group monomorphism φ :Ct (H )→ C(ϕ).
Proof. If ϕ = (ϕi)i∈I , then by [14, Corollary 1], there is a subset J ⊂ I such that
(ϕi)i∈J is the family of all essential homomorphisms H → R0. In particular,
((Qϕi)−1(R0))i∈I is the family of all H -essential valuation overmonoids of H ,
and hence H is a rational generalized Krull monoid. By [10, Theorem 22.4], there
exists a bijection ε :J →X(H) such that (Qϕi)−1(R0)=Hε(i) for all i ∈ J . Let
δ :H →D =
∐
P∈X(H)
(HP )red
be the reduced diagonal homomorphism. There is an injective homomorphism
θ :D → R(I )0 such that θ ◦ δ = ϕ, and θ induces a group monomorphism θ∗ :C(∂)→ C(ϕ). By Proposition 1, Ct (H ) C(∂), and the assertion follows. ✷
Proposition 3. For a monoid H , the following assertions are equivalent:
(a) There exists a divisor homomorphism ϕ :H →Q(I )0 for some set I such thatC(ϕ) is a torsion group.
(b) H is a rational generalized Krull monoid, and Ct (H ) is a torsion group.
(c) H is a rational generalized Krull monoid, and every P ∈X(H) is the radical
of a principal ideal.
Proof. (a) ⇒ (b) By Proposition 2, H is a rational generalized Krull monoid,
and there is a group monomorphism φ :Ct (H )→ C(ϕ). Hence Ct (H ) is a torsion
group.
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(b) ⇒ (a) For every P ∈ X(H), there is a subgroup ΓP ⊂ Q and an
isomorphism (HP )red
∼→ (ΓP )0, which induces a divisor homomorphism εP :
(HP )red →Q0. We consider the homomorphism
ϕ :H
δ→D =
∐
P∈X(H)
(HP )red
ε→Q(X(H))0 ,
where δ is the reduced diagonal homomorphism and ε = (εP )P∈X(H). Clearly,
ϕ is a divisor homomorphism,
Q(X(H)) ⊃ im(Qε)⊃ im(Qϕ) and C(ϕ)=Q(X(H))/ im(Qϕ).
By definition, Q(X(H))/ im(Qε) is a torsion group. ε induces an epimorphism
Ct (H ) ∼→ C(δ)→ im(Qε)/ im(Qϕ);
hence im(Qε)/ im(Qϕ) is a torsion group and, consequently, C(ϕ) is also a
torsion group.
To prove the remaining equivalences, we assume that H is a rational
generalized Krull monoid and consider the reduced diagonal homomorphism
δ :H →D =
∐
P∈X(H)
(HP )red.
(b)⇒ (c) Let P ∈X(H) and 1 = αP ∈ (HP )red be given. Since C(δ) Ct (H )
is a torsion group, there exists some n ∈ N such that [αnP ] = n[αP ] = 0 ∈ C(δ)
and hence αnP = δ(a) for some a ∈ H . Since a ∈ P and a /∈ P ′ for all P ′ ∈
X(H) \ {P }, we obtain P =√aH by [10, Theorem 6.7].
(c) ⇒ (b) Since Ct (H )  C(δ) and C(δ) is generated by all elements of the
form [αP ] for P ∈ X(H) and αP ∈ (HP )red it suffices to prove that all these
elements have finite order. Suppose that P ∈ X(H) and 1 = αP ∈ (HP )red. Let
a ∈H be such that P =√aH . By [10, Theorem 6.7], P is the only prime ideal
containing a, which implies δ(a) ∈ (HP )red. Since (HP )red is a rational valuation
monoid, there exist k, l ∈N such that αlP = (aH×P )k = akH×P = δ(ak) and hence
0= [αlP ] = l[αP ]. ✷
Corollary 1. For a monoid H , the following assertions are equivalent:
(a) There exists a divisor homomorphism ϕ :H → N(I )0 for some set I such thatC(ϕ) is a torsion group.
(b) H is a Krull monoid, and Ct (H ) is a torsion group.
(c) H is a Krull monoid, and every P ∈X(H) is the radical of a principal ideal.
Proof. The equivalence of (b) and (c) follows from Proposition 3.
(a) ⇒ (b) By [10, Theorem 23.4], H is a Krull monoid. If ϕ˜ :H → Q(I )0 is
defined by ϕ˜(x)= ϕ(x), then there is a natural exact sequence
0→ C(ϕ)→ C(ϕ˜)→Q/Z→ 0,
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showing that C(ϕ˜) is a torsion group. Hence Ct (H ) is a torsion group by
Proposition 3.
(b) ⇒ (a) By [10, Theorem 23.4], H possesses a divisor theory ϕ :H → D.
Since D  N(I )0 for some set I and C(ϕ) ∼= Ct (H ) by [10, Theorem 20.5], the
assertion follows. ✷
Remark 1. The equivalence of (b) and (c) in Corollary 1 was first proved in [15,
Theorem 4(ii)]. For several other characterizations of Krull monoids with torsion
class group see [10, Exercise 22.4].
With the necessary facts concerning class groups now developed, it is fairly
easy to characterize outside factorial monoids.
Theorem 1 (Characterization of outside factorial monoids). A monoid H is
outside factorial if and only if it is a Krull monoid with torsion class group Ct (H ).
Proof. Let H be outside factorial and ϕ :H →D a divisor homomorphism into
a factorial monoid D such that for each x ∈ D there exists some n ∈ N with
xn ∈ ϕ(H). By [10, Theorem 23.3], H is a Krull monoid. Since D is factorial, we
have Dred N(I )0 for some set I , and ϕ induces a divisor homomorphism
ϕ˜ :H
ϕ→D ε→N(I )0 ↪→Q(I )0,
where ε :D → Dred ∼→ N(I )0 is the canonical epimorphism followed by an
isomorphism. If α ∈ Q(I )0, then there exists some n ∈ N such that nα ∈ ε(d) for
some d ∈ D. If m ∈ N is such that dm ∈ ϕ(H), then mnα ∈ ϕ˜(H). Hence C(ϕ˜)
is a torsion group, and by Proposition 3 the class group Ct (H ) is also a torsion
group.
To prove the reverse implication, let H be a Krull monoid with torsion class
group. By Corollary 1, there exists a divisor homomorphism ϕ :H →D = N(I )0
for some set I such that C(ϕ) is a torsion group. Consequently, for every
x ∈ D there exists some n ∈ N such that xn ∈ ϕ(H). Therefore H is outside
factorial. ✷
3. Cale bases
Definition 2. Let H be a monoid. A subset Q⊂H is called a Cale basis for H ,
if the submonoid F = H×[Q] generated by Q and H× has the following two
properties:
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(C1) If
ε
∏
q∈Q
qν(q) = ε′
∏
q∈Q
qν
′(q),
where ε, ε′ ∈ H×, ν(q), ν′(q) ∈ N0 and ν(q) = ν′(q) = 0 for almost all
q ∈Q, then ν(q)= ν′(q) for all q ∈Q.
(C2) For every x ∈H , there exists some n ∈N such that xn ∈ F .
Note that (C1) means that F is a factorial monoid and Q is a complete system
of pairwise non-associated primes of F .
Proposition 4. A monoid H is inside factorial if and only if it possesses a Cale
basis. More precisely, if Q is a Cale basis for H , then F =H×[Q] is a factorial
monoid and the injection F ↪→H is a divisor homomorphism.
Proof. Let H be inside factorial. Let ϕ :D → H be a divisor homomorphism
such that D is a factorial monoid, and for every x ∈H there is some n ∈ N with
xn ∈ ϕ(D). Let P be a complete system of pairwise non-associated primes of D.
We assert that ϕ(P ) is a Cale basis for D. For the proof of this assertion we verify
the conditions (C1) and (C2).
(C1) Suppose we have a relation
ε
∏
p∈P
ϕ(p)ν(p) = ε′
∏
p∈P
ϕ(p)ν
′(p),
where ε, ε′ ∈ H×, ν(p), ν′(p) ∈ N0 and ν(p) = ν′(p) = 0 for almost all p ∈ P .
Then the elements
ϕ
(∏
p∈P
pν(p)
)
and ϕ
(∏
p∈P
pν
′(p)
)
are associated in H , and since ϕ is a divisor homomorphism, the elements∏
p∈P
pν(p) and
∏
p∈P
pν
′(p)
are associated in D. By unique factorization in D, we infer ν(p) = ν′(p) for all
p ∈ P .
(C2) For every x ∈ H , there exists some n ∈ N such that xn ∈ ϕ(D) =
ϕ(D×[P ])= ϕ(D×)[ϕ(P )] ⊂H×[ϕ(P )].
Now, let Q be a Cale basis. Then F =H×[Q] is a factorial monoid, and thus
it is sufficient to prove that the injection F ↪→ H is a divisor homomorphism.
Suppose that x, y ∈ F and x |H y , say y = ax for some a ∈H . Then there exists
some n ∈ N such that an ∈ F and hence xn |F yn. Since F is factorial, we infer
x |F y . ✷
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For a closer investigation of Cale bases, we use extraction analysis as
introduced in [13]. For x, y ∈H , we set
λH (x, y)= λ(x, y)= sup
{m
n
∣∣∣m ∈N0, n ∈N, xm | yn} ∈ [0,∞].
The function λ :H × H → [0,∞] is called the extraction degree. For the
elementary properties of λ, we refer the reader to [13]. In particular, we shall
make use of the relation kλ(xk, yl)= lλ(x, y), which holds for all x, y ∈H and
k, l ∈N.
The monoid H is called an extraction monoid if for any x, y ∈H \H× there
exist positive integers m,n ∈N such that
xm | yn and λ(x, y)= m
n
.
Lemma 2. Let Q be a Cale basis for the monoid H and x, y ∈H .
(a) Let d ∈N be such that
xd = ε
∏
q∈Q
qν(q),
where ε ∈H×, ν(q) ∈N0 and ν(q)= 0 for almost all q ∈Q. Then we have
λ(q, x)= ν(q)
d
for all q ∈Q.
(b) For every q ∈Q, the map λ(q, ·) :H →Q0 is a monoid homomorphism.
(c) We have
λ(x, y)=min
{
λ(q, y)
λ(q, x)
∣∣∣ q ∈Q, λ(q, x) > 0} ∈Q0
and H is an extraction monoid.
(d) For q ∈ Q, we have λ(q, x) > 0 if and only if x ∈ √qH (or, equivalently,
q | xn for some n ∈N).
(e) For q ∈Q, we have q ∈ √xH if and only if xk = εqs for some k, s ∈N and
ε ∈H×.
(f) If q ∈Q and q | xy , then there exists some n ∈N such that q | xn or q | yn.
Proof. Throughout the proof, we suppose that
xd = ε
∏
q∈Q
qν(q) and ye = η
∏
q∈Q
qµ(q),
where d, e ∈N, ε, η ∈H×, ν(q),µ(q) ∈N0 and ν(q)= µ(q)= 0 for almost all
q ∈Q. We set F =H×[Q]. Note that for any a, b ∈H with a |H b, there exists
some k ∈N such that ak, bk ∈ F and ak |F bk .
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(a) For every q ∈Q, qν(q) |H xd implies ν(q)/d  λ(q, x). Suppose now that
q ∈Q and m,n ∈N are such that qm |H xn. Let k ∈N be such that qmk, xnk ∈ F
and qmk |F xnk . Then
qmkd |F xnkd = εnk
∏
q ′∈Q
q ′nkν(q),
which (by unique factorization) implies mkd  nkν(q) and hence m/n ν(q)/d .
Therefore, we obtain λ(q, x)= ν(q)/d .
(b) From (a) and
(xy)de = εeηd
∏
q∈Q
qeν(q)+dµ(q)
we infer, for all q ∈Q,
λ(q, xy)= eν(q)+ dµ(q)
de
= ν(q)
d
+ µ(q)
e
= λ(q, x)+ λ(q, y).
(c) Let q0 ∈Q be such that
λ(q0, y)
λ(q0, x)
=min
{
λ(q, y)
λ(q, x)
∣∣∣ q ∈Q, λ(q, x) > 0}.
By (a), this implies ν(q)µ(q0) µ(q)ν(q0) for all q ∈Q; and hence
xdµ(q0) = εµ(q0)
∏
q∈Q
qν(q)µ(q0)
∣∣∣
H
yeν(q0) = ην(q0)
∏
q∈Q
qµ(q)ν(q0).
Therefore we obtain
λ(x, y) dµ(q0)
eν(q0)
= λ(q0, y)
λ(q0, x)
.
Suppose now that xm |H yn for some m,n ∈N. Let k ∈N be such that xmk, ynk ∈
F and xmk |F ynk . Then we have xmkde |F ynkde, and by unique factorization we
obtain mkeν(q) nkdµ(q) for all q ∈Q, which implies
m
n
 µ(q0)
eν(q0)
= λ(q0, y)
λ(q0, x)
.
(d) If λ(q, x) > 0, then (a) implies ν(q) > 0, hence xd ∈ qH and x ∈√qH .
If x ∈√qH , then q |H xn for some n ∈N. Let k ∈N be such that xnk ∈ F and
qk |F xnk . Then qkd |F xnkd and therefore nkν(q) > 0 which implies λ(q, x) > 0
by (a).
(e) If q ∈ √xH , then x |H qm for some m ∈ N. If k ∈ N is such that xk ∈ F
and xk |F qmk , then xk = εqs for some ε ∈ H× and s ∈ N (since q is a prime
element of F ).
If xk = εqs for some k, s ∈N and ε ∈H×, then qs ∈ xH and hence q ∈√xH .
(f) If q | xy , then 0 < λ(q, xy)= λ(q, x)+λ(q, y) by (b) and (d), and therefore
λ(q, x) > 0 or λ(q, y) > 0. Now the assertion follows by (d). ✷
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Remark 2. Call an element q of a monoid H almost primary, if x, y ∈ H and
q | xy implies q | xn or q | yn for some n ∈ N. Then Lemma 2(f) shows that the
elements of a Cale basis are almost primary. However, the elements of a Cale
basis need not be primary (see Example 2 in Section 6), and they also need not be
irreducible (indeed, if q is an element of a Cale basis of H , then every power qn
is also an element of a Cale basis, see Corollary 2 below).
Theorem 2 (Structure of Cale bases). Let H be an inside factorial monoid and
Q⊂H . Then Q is a Cale basis if and only if
ιQ :
{
Q→X(H)
q → √qH
is a bijective map.
Proof. 1. Let first Q be a Cale basis. In order to show that ιQ is a bijective map
as asserted, we shall prove:
(1) If q ∈Q, then √qH ∈ spec(H);
(2) For P ∈ spec(H) there exists some q ∈Q such that √qH ⊂ P ;
(3) If q1, q2 ∈Q, then √q1H ⊂√q2H implies q1 = q2.
(1) If q ∈Q, x,y ∈H and xy ∈√qH , then by Lemma 2, (b) and (d), we have
0 < λ(q, xy)= λ(q, x)+ λ(q, y).
Therefore we obtain λ(q, x) > 0 or λ(q, y) > 0 and, consequently, x ∈ √qH or
y ∈√qH .
(2) Suppose that P ∈ spec(H), x ∈ P , and let k ∈N be such that xk ∈H×[Q].
Since H×[Q] is factorial and Q is a complete system of pairwise non-associated
primes of H×[Q], there exists some q ∈Q such that q | xk and hence x ∈√qH .
(3) If q1, q2 ∈ Q and √q1H ⊂ √q2H , then q1 ∈ √q2H and Lemma 2(e)
implies qk2 = εqs1 for some ε ∈H× and k, s ∈N. Consequently, we have q1 = q2.
2. Now, let ιQ be a bijective map. By Proposition 4, H possesses a Cale basis
Q′, and as we have just proved, the map ιQ′ :Q′ → X(H) is bijective. Hence
ι= ι−1
Q′ ◦ ιQ :Q→Q′ is a bijective map satisfying
√
ι(q)H =√qH for all q ∈Q.
By Lemma 3.5 there exist k(q), s(q) ∈N and ε(q) ∈H× such that
qs(q) = ε(q)ι(q)k(q) for all q ∈Q.
We show that Q satisfies (C1) and (C2).
(C1) Suppose that
ε
∏
q∈Q
qν(q) = ε′
∏
q∈Q
qν
′(q),
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where ε, ε′ ∈ H×, ν(q), ν′(q) ∈ N0 and ν(q)= ν′(q)= 0 for almost all q ∈Q.
We set
s = lcm{s(q) | q ∈Q, ν(q)+ ν′(q) > 0}
and
t (q)=
{
s(q)−1s if ν(q)+ ν′(q) > 0,
0 if ν(q)+ ν′(q)= 0.
Then we obtain
εs
∏
q∈Q
qs(q)t (q)ν(q)= ε′s
∏
q∈Q
qs(q)t (q)ν
′(q);
and hence
εs
∏
q∈Q
ε(q)t(q)ν(q)
∏
q∈Q
ι(q)t (q)ν(q)k(q)
= ε′s
∏
q∈Q
ε(q)t(q)ν
′(q) ∏
q∈Q
ι(q)t (q)ν
′(q)k(q).
NowQ′ = ι(Q) is a Cale basis and ι is bijective. Therefore we get t (q)ν(q)k(q)=
t (q)ν′(q)k(q) and, consequently, ν(q)= ν′(q) for all q ∈Q.
(C2) If x ∈ H , then there exists some n ∈ N such that xn ∈ H×[Q′] =
H×[ι(Q)], say
xn = ε
∏
q∈Q
ι(q)ν(q),
where ε ∈H×, ν(q) ∈N0 and ν(q)= 0 for almost all q ∈Q. We set
k = lcm{k(q) | q ∈Q, ν(q) > 0}
and
t (q)=
{
k(q)−1k if ν(q) > 0,
0 if ν(q)= 0.
Then we obtain
xnk = εk
∏
q∈Q
ι(q)ν(q)t (q)k(q)= εk
∏
q∈Q
[
ε(q)−1qs(q)
]ν(q)t (q) ∈H×[Q].
This completes the proof. ✷
Corollary 2. Let Q be a Cale basis for the monoid H . A subset Q′ ⊂ H is a
Cale basis if and only if there exists a bijective map ι :Q→Q′ with the following
property: For every q ∈Q, there exist k(q), s(q) ∈ N and ε(q) ∈ H× such that
qs(q) = ε(q)ι(q)m(q).
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Proof. Obvious by Lemma 2(e) and Theorem 2. ✷
Definition 3. Let H be a monoid.
(a) A Cale basis Q for H is called tame, if for every q ∈ Q there exists some
e(q) ∈N such that e(q)λ(q, x)∈N0 for all x ∈H .
(b) H is called tamely inside factorial if H possesses a tame Cale basis.
Corollary 3. Let H be tamely inside factorial. Then every Cale basis for H is
tame.
Proof. Let Q be any Cale basis and Q′ a tame Cale basis for H . If q ∈Q, then
Corollary 2 shows that qs = εq ′k for some q ′ ∈ Q′, ε ∈ H× and s, k ∈ N. Let
e ∈N be such that eλ(q ′, x) ∈N0 for all x ∈H . Then we obtain
keλ(q, x)= kesλ(qs, x)= kesλ(q ′k, x)= esλ(q ′, x) ∈N0
for all x ∈H ; and hence Q is also tame. ✷
4. Root-closed inside factorial monoids
For a monoid H with quotient group QH , we call
H = {x ∈QH | xn ∈H for some n ∈N}
the root-closure of H , and we call H root-closed if H = H . It should be
mentioned that this terminology is not generally used. Sometimes root-closed
monoids are called integrally closed, semi-closed or s-closed. Clearly, every
valuation monoid and hence every generalized Krull monoid is root-closed.
Theorem 3. Let H be a root-closed monoid.
(a) H is inside factorial if and only if H is a rational generalized Krull monoid
and Ct (H ) is a torsion group.
(b) H is tamely inside factorial if and only if H is a Krull monoid and Ct (H ) is
a torsion group.
Proof. 1. Let H be inside factorial and Q a Cale basis for H . Define
ϕ :H →Q(Q)0 by ϕ(x)=
(
λ(q, x)
)
q∈Q.
For q, q ′ ∈Q, Lemma 2(a) implies
λ(q, q ′)=
{
1, if q = q ′,
0, if q = q ′;
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and therefore N(Q)0 ⊂ ϕ(H). Hence C(ϕ) is a torsion group.
Next we prove that ϕ is a divisor homomorphism. Suppose that x, y ∈H and
ϕ(x) | ϕ(y) in Q(Q)0 , which means λ(q, x) λ(q, y) for all q ∈Q. Let d ∈ N be
such that xd, yd ∈H×[Q], say
xd = ε
∏
q∈Q
qν(q) and yd = η
∏
q∈Q
qµ(q),
where ε, η ∈H×, ν(q),µ(q) ∈N0 and ν(q)= µ(q)= 0 for almost all q ∈Q. By
Lemma 2(a), we obtain ν(q) µ(q) for all q ∈Q, hence xd | yd , and since H is
root-closed, x | y follows.
Now Proposition 3 implies that H is a rational generalized Krull monoid and
Ct (H ) is a torsion group.
If H is tamely inside factorial, then there exists a family (e(q))q∈Q of positive
integers such that e(q)λ(q, x) ∈ N0 for all q ∈Q and x ∈H . If φ :H → N(Q)0 is
defined by
φ(x)= (e(q)λ(q, x))
q∈Q,
then φ is also a divisor homomorphism; and therefore H is a Krull monoid by
[10, Theorem 23.4].
2. Let H be a rational generalized Krull monoid and let Ct (H ) be a torsion
group. By Proposition 3, there exists a divisor homomorphism ϕ :H →Q(I )0 (for
some set I ) such that C(ϕ) is a torsion group. For i ∈ I , let ei ∈ Q(I )0 be the ith
unit vector and mi ∈ N such that miei ∈ ϕ(H), say miei = ϕ(qi) with qi ∈ H .
We assert that Q = {qi | i ∈ I } is a Cale basis for H . To prove this assertion, we
verify the conditions (C1) and (C2).
(C1) Suppose that
ε
∏
i∈I
q
νi
i = ε′
∏
i∈I
q
ν ′i
i ,
where ε, ε′ ∈ H×, νi, ν′i ∈ N0 and νi = ν′i = 0 for almost all i ∈ I . Applying ϕ,
we obtain (νimi)i∈I = (ν′imi)i∈I ∈Q(I )0; and hence νi = ν′i for all i ∈ I .
(C2) Suppose that x ∈H , and let k ∈N be such that ϕ(xk)= kϕ(x)= (ki)i∈I ∈
N(I )0 . We obtain
ϕ
(
xk
)=∑
i∈I
kiei =
∑
i∈I
ki
mi
ϕ(qi);
and if m = lcm{mi | i ∈ I, mi > 0}, then ϕ(xkm) ∈ [ϕ(Q)] and hence xkm ∈
H×[Q].
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If H is a Krull monoid, we may assume that ϕ(H)⊂ N(I )0 . In order to prove
that Q is tame, we will show that miλ(qi, x) ∈ N0 for all i ∈ I and x ∈ H . If
x ∈H and
xd = ε
∏
i∈I
q
νi
i ,
where d ∈N, ε ∈H×, νi ∈N0 and νi = 0 for almost all i ∈ I , then
ϕ(x)=
(
νimi
d
)
i∈I
∈N(I )0 .
For i ∈ I , Lemma 2(a) implies λ(qi, x) = νi/d and therefore miλ(qi , x) =
νimi/d ∈N0. ✷
Corollary 4. A monoid is outside factorial if and only if it is root-closed and
tamely inside factorial.
Proof. The result follows directly from Theorems 1 and 3, observing that a Krull
monoid is root-closed. ✷
5. Root extensions
Definition 4. Let H ⊂ S be monoids (with 1H = 1S). We call H ⊂ S a root
extension if for every x ∈ S there exists some n ∈N such that xn ∈H .
Proposition 5. Let H ⊂ S be a root extension of monoids.
(a) S× ∩H =H×.
(b) The map
j :
{
spec(S)→ spec(H)
P → P ∩H
is bijective, and for P0 ∈ spec(H) we have
j−1(P0)=
{
x ∈ S | xn ∈ P0 for some n ∈N
}
.
Moreover, if P ∈ spec(S), then SP = (H \ P)−1S, and HP∩H ⊂ SP is also a
root extension.
(c) λS |H ×H = λH .
(d) H is an extraction monoid if and only if S is an extraction monoid.
(e) A subset Q⊂H is a Cale basis for H if and only if it is a Cale basis for S.
If Q is a tame Cale basis for S, then it is also tame for H . If S is contained
in the quotient monoid of H and Q is a tame Cale basis for H , then it is also
tame for S.
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(f) H is inside factorial if and only if S is inside factorial. If S is tamely inside
factorial, then so is H . If S is contained in the quotient monoid of H and H
is tamely inside factorial, then so is S.
Proof. (a) The inclusion H× ⊂ S× ∩ H is obvious. If u ∈ S× ∩ H and v ∈ S
satisfies uv = 1, let n ∈N be such that vn ∈H . Then 1= (uv)n = u(un−1vn) and
hence u ∈H×.
(b) In order to show that j is bijective and j−1 is as asserted, we must prove
the following two assertions:
(1) If P ∈ spec(S), then P ∩ H ∈ spec(H) and P = {x ∈ S | xn ∈ P ∩ H for
some n ∈N}.
(2) If P0 ∈ spec(H) and P = {x ∈ S | xn ∈ P0 for some n ∈N}, then P ∈ spec(S)
and P ∩H = P0.
Both assertions are easily verified.
As to the quotient monoids, we obviously have HP∩H = (H \ P)−1H ⊂
(H \ P)−1S ⊂ SP . If z ∈ SP , say z= t−1a, where a ∈ S and t ∈ S \ P , let n ∈N
be such that an, tn ∈H . Then tn ∈ H \ P , zn ∈ HP∩H and z = (tn)−1(tn−1a) ∈
(H \ P)−1S. Therefore SP = (H \ P)−1S and SP ⊃HP∩H is a root extension.
(c) If x, y ∈ H , then obviously λH (x, y)  λS(x, y). If r ∈ N0, s ∈ N and
xr |S ys , then there exists some m ∈N satisfying xrm |H ysm and hence
r
s
= rm
sm
 λH (x, y).
Taking the supremum over all such (r, s), we obtain λS(x, y)  λH (x, y), and
thus equality holds.
(d) Let H be an extraction monoid, x, y ∈ S and m ∈N such that xm,ym ∈H .
Then there exists some (r, s) ∈ N0 × N such that xmr |H yms and r/s =
λH (x
m,ym). Then xmr |S ymr and λS(x, y) = λS(xm,ym) = λH (xm,ym) =
mr/(ms). Hence S is an extraction monoid.
Let S be an extraction monoid and x, y ∈ H . Let (r, s) ∈ N0 × N be such
that xr |S ys and r/s = λS(x, y)= λH (x, y). There exists some m ∈ N such that
xrm |H ysm, and since rm/(sm)= λH (x, y), we conclude that H is an extraction
monoid.
(e) If Q⊂H , then condition (C2) holds for H if and only if it holds for S, and
if condition (C1) holds for S, then it holds for H . Suppose now that condition (C1)
holds for H , and suppose that
ε
∏
q∈Q
qν(q) = ε′
∏
q∈Q
qν
′(q),
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where ε, ε′ ∈ S×, ν(q), ν′(q) ∈ N0 and ν(q) = ν′(q) = 0 for almost all q ∈Q.
Let m ∈N be such that εm, ε′m ∈H . Then εm, ε′m ∈H× by (a), and
εm
∏
q∈Q
qν(q)m= ε′m
∏
q∈Q
qν
′(q)m
implies ν(q)m= ν′(q)m and hence ν(q)= ν′(q) for all q ∈Q.
If Q is tame for S, then it is obviously also tame for H . Suppose now that Q is
tame for H and S is contained in the quotient monoid of H . If q ∈Q, then there
exists some e ∈N such that eλ(q, x) ∈N0 for all x ∈H . If x ∈ S, then x = a−1b
for some a, b ∈ H , and therefore eλ(q, x)= −eλ(q, a)+ eλ(q, b) ∈ N0. Hence
Q is also tame for S.
(f) If H is inside factorial, then S is inside factorial by (e). Suppose now
that S is inside factorial, and let Q ⊂ S be a Cale basis for S. For q ∈ Q, let
n(q) ∈N be such that qn(q) ∈H . Then Q′ = {qn(q) | q ∈Q} is a Cale basis for S
by Corollary 2 and hence one for H by (e). The assertions concerning tameness
follow by (e). ✷
Recall that an element x ∈QH is called almost integral over H if there exists
some c ∈H such that cxn ∈H for all n ∈N. The overmonoid
Ĥ = {x ∈QH | x is almost integral over H }
is called the complete integral closure of H , and H is called completely integrally
closed if H = Ĥ . It is easily checked (and well known) that H ⊂ Ĥ . Indeed, if
x ∈H , N ∈N and xN ∈H , and if c ∈H is such that cxj ∈H for all j ∈ {1, . . . ,
N − 1}, then cxn ∈ H for all n ∈ N. Consequently, every completely integrally
closed monoid is root-closed. By [10, Exercise 22.11], every generalized Krull
monoid is completely integrally closed.
Proposition 6. Let H be an extraction monoid. Then Ĥ =H , and H is completely
integrally closed.
Proof. For the proof of Ĥ = H it is sufficient to show that Ĥ ⊂ H . Suppose
that x ∈ Ĥ , and let c ∈ H be such that cxn ∈ H for all n ∈ N. Since (cx)n =
cn−1(cxn), we have cn−1 | (cx)n for all n ∈ N and therefore λ(c, cx) 1. Since
H is an extraction monoid, there exist r, s ∈ N such that r  s and cr | (cx)s . In
particular, it follows that cs | (cx)s ,
xs =
(cx
c
)s ∈H,
and hence x ∈H .
By Proposition 5(d), H is an extraction monoid. As we have just proved, this
implies Ĥ =H =H , and therefore H is completely integrally closed. ✷
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Theorem 4 (Characterization of inside factorial monoids). For a monoid H , the
following assertions are equivalent:
(a) H is inside factorial.
(b) H is a rational generalized Krull monoid whose class group Ct (H) is a tor-
sion group.
(c) H is an extraction monoid, and Ĥ is a rational generalized Krull monoid
whose class group Ct (Ĥ ) is a torsion group.
The analogous characterization holds for tamely inside factorial monoids if in (b)
and (c) the term “rational generalized” is omitted.
Proof. By Proposition 5(f), H is (tamely) inside factorial if and only if the same
is true for H . Hence the equivalence of (a) and (b) follows from Theorem 3.
By Lemma 2(c), an inside factorial monoid is an extraction monoid, and by
Proposition 6 an extraction monoid H satisfies H = Ĥ . Hence (b) and (c) are
equivalent. ✷
Corollary 5. Let S be a rational generalized Krull monoid whose class group
Ct (S) is a torsion group, and let H ⊂ S be a submonoid such that f S ⊂ H for
some f ∈H . Then the following assertions are equivalent:
(a) H is inside factorial.
(b) H is an extraction monoid.
(c) H = Ĥ .
If S is a Krull monoid, then in statement (a) H is even tamely inside factorial.
Proof. (a) ⇒ (b) follows by Theorem 4, and (b) ⇒ (c) follows by Proposition 6.
(c) ⇒ (a) follows by Theorem 4 as soon as we verify that Ĥ = S. Since
Ĥ ⊂ Ŝ = S, it is sufficient to prove that S ⊂ Ĥ . But if x ∈ S, then f xn ∈ H for
all n ∈N which implies x ∈ Ĥ . ✷
Example 1. Let H be a submonoid of the additive monoid (Q0)n, Q =
QH ⊂Qn and Q0 = Q ∩ (Q0)n. Then the injection Q0 ↪→ (Q0)n is a
divisor homomorphism with class group Qn/Q. If Q contains a basis of Qn,
then Qn/Q is a torsion group and by Proposition 3 Q0 is a rational generalized
Krull monoid with torsion class group. We now assume that Q contains a basis
of Qn and choose a positive integer q ∈N such that qZn ⊂Q. We assume further
that there exists some a ∈Q0 such that a +Q0 ⊂ H . Then the assumptions
of Corollary 5 are satisfied for S = Q0, and therefore H is inside factorial if
and only if H =Q0. Since qNn0 ⊂ Q0 is a root extension and H ⊂ Q0, it
follows that H =Q0 if and only if there exists some m ∈N such that mNn0 ⊂H .
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Let e1, . . . , en ∈Qn be the unit vectors. Then H is inside factorial if and only if
there exists some m ∈ N such that mei ∈ H for all i ∈ {1, . . . , n}; and in this
case it is easily checked that {me1, . . . ,men} is a Cale basis for H . If Q is
finitely generated, then Q0 is a Krull monoid (indeed, let k ∈ N be such that
Q⊂ k−1Zn; then Q0 =Q∩ k−1Nn0 is finitely generated and root-closed by [7,
Theorem 1], and therefore it is a Krull monoid by [7, Theorem 5]). Hence, if Q is
finitely generated and H is inside factorial, then it is tamely inside factorial.
If n = 1, then all assumptions made above are satisfied and we obtain the
following result: Every submonoid H ⊂Q0 is inside factorial, and it is tamely
inside factorial if and only if its quotient group is cyclic (observe that every finitely
generated subgroup of Q is cyclic). In particular, every numerical semigroup
is tamely inside factorial (recall that a numerical semigroup is an additive
submonoid S ⊂N0 for which N0 \ S is finite).
6. Rational weakly Krull monoids
In this section, we characterize inside factorial monoids among weakly Krull
monoids. Note that an inside factorial monoid need not be weakly Krull (see
Example 2). Nevertheless, inside factorial weakly Krull monoids form a rich class
of monoids and have a nice characterization among all weakly Krull monoids.
We recall some definitions (for details see [10]). A monoid H is called primary
if H \H× is the only prime ideal of H . A monoid H is called weakly Krull if it
possesses a defining system of finite character consisting of H -essential primary
monoids. If H is weakly Krull, then X(H) is the set of all prime t-ideals of
H and {HP | P ∈ X(H)} is the smallest system of finite character consisting of
H -essential primary monoids. For a divisor-theoretic characterization of weakly
Krull monoids see [9].
Example 2. Let H = [±2,±3] be the multiplicative submonoid of Z generated
by ±2 and ±3. Then H = [−1,2,3] is factorial, and therefore H is tamely inside
factorial by Theorem 4. But H is not weakly Krull (see [9, p. 432]).
It is easily seen that {2,3} is a tame Cale basis for H . Since 2 | (−2)(−3),
2  (−2) and 2  3n for all n ∈N, it follows that 2 is not primary.
Definition 5. A monoid H is called
(a) strongly rational if H is a rational primary valuation monoid;
(b) rational weakly Krull if it possesses a defining system of finite character
consisting of H -essential strongly rational monoids.
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By [10, Theorem 15.4], every strongly rational monoid is primary. Hence
a monoid H is rational weakly Krull if and only if it is weakly Krull and HP
is strongly rational for all P ∈X(H).
Lemma 3. Let H be a monoid such that Hred is isomorphic to a submonoid
of Q0. Then H is strongly rational.
Proof. Let Γ ⊂ Q0 be a submonoid and ϕ :Hred ∼→ Γ an isomorphism. Let
Q ⊂ Q be a quotient group of Γ . By [7, Theorem 3], we have Γ = Q0 =
Q∩Q0, and thereforeΓ is a rational primary valuation monoid. Let ϕ˜ :QHred =
QH/H× ∼→Q be the quotient isomorphism of ϕ. Then ϕ˜(H/H×) = Γ ; hence
H/H× is reduced and, consequently, H red =H/H×  Γ . ✷
Remark 3. The converse of Lemma 3 is not true. The multiplicative monoid
H = [2,−2] ⊂ Z generated by 2 and −2 is a reduced strongly rational monoid,
and yet there is no monomorphism H →Q0.
Proposition 7. A root-closed monoid is a rational weakly Krull monoid if and
only if it is a rational generalized Krull monoid.
Proof. By the very definition, every rational generalized Krull monoid is rational
weakly Krull.
If H is a rational weakly Krull monoid, then {HP | P ∈ X(H)} is a defining
system of finite character of H consisting of strongly rational monoids. By [10,
Corollary 14.2], the monoids HP are root-closed, and thus they are rational
primary valuation monoids. Hence H is a rational generalized Krull monoid. ✷
Proposition 8. Let H be a weakly Krull monoid and H its root-closure.
(a) H is a weakly Krull monoid, and H is rational weakly Krull if and only if H
is rational weakly Krull.
(b) There is an exact sequence of abelian groups
0→M→ Ct (H )→ Ct (H)→ 0,
where M is the cokernel of the natural homomorphism
χ :H×/H×→
∐
P∈X(H)
H×P /H
×
P , given by
χ
(
uH×
)= (uH×P )P∈X(H).
In particular, Ct (H ) is a torsion group if and only if Ct (H) is a torsion group.
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Proof. For P ∈ spec(H), we set
P = {x ∈H | xn ∈ P for some n ∈N}.
By Proposition 5(b), the assignment P → P defines a bijective map spec(H)→
spec(H), which is inclusion-preserving and therefore maps X(H) onto X(H).
For P ∈ X(H), we have HP =HP =HP (the first equality follows by Proposi-
tion 5(b), and the second one is easily checked; see also [10, Theorem 14.2], for
r = s). Since {HP | P ∈ X(H)} is a defining system of finite character for H , it
follows that {HP | P ∈ X(H)} is one for H (see [5, Theorem 5.6]). Since HP is
primary, the same is true for HP =HP (see [10, Theorem 15.4]) and, by defin-
ition, HP is strongly rational if and only if HP is strongly rational. Hence H is
weakly Krull, and H is even rational if and only if H is rational.
For the class groups, we apply [10, Corollary 26.5] to obtain the following
commutative diagram with exact rows in which α and β are epimorphisms:
1 QH/H×
α
∐
P∈X(H)
QH/H×P
β
Ct (H )
γ
0
1 QH/H×
∐
P∈X(H)
QH/H×P Ct (H) 0.
By the Snake Lemma, γ is also an epimorphism, and there is an exact sequence
1→ ker(α)→ ker(β)→ ker(γ )→ 0.
Since
ker(α)=H×/H× and ker(β)=
∐
P∈X(H)
H×P /H
×
P ,
the assertion follows. ✷
Theorem 5. Let H be a weakly Krull monoid. Then H is inside factorial if and
only if it is rational weakly Krull and its class group is a torsion group.
Proof. By Theorem 4, Propositions 7 and 8. ✷
7. Integral domains
Let R be an integral domain and R• = R \ {0} its multiplicative monoid. We
investigate the arithmetic of R by means of that of the monoidR• . Recall that R is
a (rational generalized) Krull domain if and only if R• is a (rational generalized)
Krull monoid, and in this case C(R)= Ct (R•) is its (divisor) class group.
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An integral domain R is called an extraction domain, (tamely) inside factorial,
or outside factorial if R• has the respective property.
An extensionR1 ⊂R2 of integral domains is called a root extension if R•1 ⊂R•2
is a root extension (equivalently, for every x ∈ R2 there exists some n ∈ N such
that xn ∈R1).
Theorem 6. An integral domain is outside factorial if and only if it is a Krull
domain whose class group C(R) is a torsion group.
Proof. Obvious by Theorem 1. ✷
Remark 4. Krull domains whose class group is a torsion group were first investi-
gated by U. Storch who called them almost factorial (see [3, Proposition 6.8] or
[10, Exercise 22.4]).
Theorem 7. Let R be an integral domain and R˜ its integral closure.
(a) R is inside factorial if and only if R˜ is a rational generalized Krull domain
whose class group C(R) is a torsion group, and R ⊂ R˜ is a root extension.
(b) Let R be inside factorial. Then R is tamely inside factorial if and only if R˜ is
a Krull domain.
Proof. Let R̂ be the complete integral closure of R, and let as usual R• denote
the root-closure and R̂• the complete integral closure of the monoid R•. Then we
have
R• ⊂ R˜• ⊂ R̂• = R̂•.
1. If R is inside factorial, then R• is a rational generalized Krull monoid and
Ct (R•) is a torsion group by Theorem 4. By [10, Exercise 22.11],R• is completely
integrally closed and hence R• = R̂• ⊃ R̂• = R̂• ⊃ R˜• ⊃R•. Therefore we obtain
R̂ = R˜, and R ⊂ R˜ is a root extension. Since R˜• = R• is a rational generalized
Krull monoid, R˜ is a rational generalized Krull domain, and C(R˜)= Ct (R•) is a
torsion group.
If R is tamely inside factorial, then so is R•, and thus R• = R˜• is a Krull
monoid by Theorem 4. Hence R˜ is a Krull domain.
2. Suppose now that R˜ is a rational generalized Krull domain, C(R˜) is a torsion
group, and R ⊂ R˜ is a root extension. Then R˜• = R• is a rational generalized
Krull monoid, and Ct (R•) is a torsion group. Hence R• is inside factorial by
Theorem 4, and therefore R is inside factorial.
If R˜ is a Krull domain, then R• is a Krull monoid and R• is tamely inside
factorial by Theorem 4. Hence R is tamely inside factorial. ✷
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Corollary 6. Let R be a noetherian integral domain and R˜ its integral closure.
Then the following assertions are equivalent:
(a) R is tamely inside factorial.
(b) R is inside factorial.
(c) R ⊂ R˜ is a root extension, and C(R˜) is a torsion group.
Proof. By the Mori–Nagata theorem, R˜ is a Krull domain (see [3]). Hence the
assertion follows from Theorem 7. ✷
Remark 5. For an arbitrary integral domain R, we may define its class group by
C(R)= Ct (R•). For a divisor theoretic description of this class group in the case
of a noetherian integral domain see [11]. By Proposition 8, we may replace C(R˜)
by C(R) in Corollary 6(c).
We conclude this paper with the investigation of orders in (finite) algebraic
number fields. In this case, the condition of inside factoriality is equivalent to
several other factorization properties. We recall some simple definitions from
factorization theory.
Let R be a noetherian integral domain. Then every a ∈ R• \ R× has a (not
necessarily unique) factorization into irreducible elements (called atoms) of R.
For such a factorization a = u1 · · · · · ur , we call r its length, and we denote by
L(a) the set of all lengths of factorizations of a. Then
ρ(a)= supL(a)
minL(a)
∈Q0 ∪ {∞}
is called the elasticity of a, and
ρ(R)= sup{ρ(a) | a ∈ R• \R×} ∈ [0,∞]
is called the elasticity of R.
Proposition 9. Let R be an order in an algebraic number field and R˜ its integral
closure. Then the following assertions are equivalent:
(a) R is inside factorial.
(b) R is tamely inside factorial.
(c) R is an extraction domain.
(d) R ⊂ R˜ is a root extension.
(e) The canonical map spec(R˜)→ spec(R) is bijective.
(f) ρ(R) <∞.
(g) For every a ∈ R• \R×, we have
lim
n→∞
[
minL(an)
]=∞.
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(h) For every a ∈ R•, there are only finitely many atoms dividing some power an
of a.
Proof. Since R˜ is a Dedekind domain and C(R˜) is finite, the equivalence of (a),
(b), and (d) follows by Corollary 6. Since R˜ is a finitely generated R-module,
there exists some f ∈ R• such that f R˜ ⊂ R. Hence the equivalence of (a) and
(c) follows by Corollary 5. The equivalence of (d) and (e) was proved in [16,
Proposition 3], and the equivalence of (e) and (f) is in [8, Corollary 4].
For the proof of the equivalence of (e), (g), and (h) we use the methods
derived in [4,6]. If I ∈ It (R•)∗, then I ′ = I ∪ {0} is an invertible ideal of R,
and I(R)= {I ′ | I ∈ It (R•)∗} is the monoid of all invertible ideals of R. If
∂ :
{
R• → I(R)
a → aR
denotes the canonical divisor homomorphism of R, then C(∂) Pic(R) is a finite
group. If (e) holds, then I(R) has nearly unique factorization by [6, Satz 2], and
(h) follows by [4, Proposition 4]. Clearly, (h) implies (g), and we finally have to
prove (g)⇒ (e).
Suppose that (e) is false, and let P ∈ spec(R) be a prime ideal such that there is
more than one prime ideal of R˜ lying above P . Let P1, . . . ,Ps be the prime ideals
of R˜ lying above P , and suppose that s  2. Then R˜P is a semilocal Dedekind
domain with maximal ideals (P1)P , . . . , (Ps)P , and hence it is a principal ideal
domain. Let p1, . . . , ps ∈ R˜ be such that (Pi)P = piR˜P for all i ∈ {1, . . . , s}.
Then every a ∈R•P has a unique representation in the form
a = pn11 · · ·pnss u,
where u ∈ R˜×P and either n1 = · · · = ns = 0, u ∈R×P , or n1, . . . , ns ∈N. For each
a ∈ R•P \ R×P , the ideal aRP ∩ R is an invertible P -primary ideal of R. Since
(R˜ :R) < ∞, there exists some e ∈ N such that pn11 · · ·pnss u ∈ RP , whenever
n1, . . . , ns  e and u ∈ R˜×P . We consider the ideal
Q= (p1 · · ·ps)eRP ∩R
and, for every n ∈N0, the ideals
Q′n = pn+e1 (p2 · · ·ps)eRP ∩R′ and Q′′n = pe1(p2 · · ·ps)n+eRP ∩R′.
They are invertible P -primary ideals of R satisfying
Qn =Q′(n−2)eQ′′(n−2)e for all n 2.
If h= #Pic(R), then Qh = aR for some a ∈ R•, Q′nh = b′nR and Q′′nh = b′′nR for
all n 0, where b′n, b′′n ∈ R• \ R× satisfy maxL(b′n) he and maxL(b′′n) he.
Since an = b′(n−2)eb′′(n−2)eu for some u ∈R×, we obtain
minL(an)maxL
(
b′(n−2)e
)+maxL(b′′(n−2)e) 2he,
which contradicts (g). ✷
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Remark 6. Proposition 9 remains true, if R is a one-dimensional noetherian
integral domain whose integral closure R˜ is a finitely generated R-module such
that Ct (R) and (R˜× :R×) are finite. The finiteness of the elasticity of finitely
generated algebras over Z and over Q was studied in [12].
Example 3. For orders in quadratic number fields, the equivalence of (d) and (e)
in Proposition 9 can be made more explicit. Suppose that K is a quadratic number
field, and let R1 ⊂R ⊂K be orders with discriminantsD1 and D. If f = (R :R1),
then D1 = Df 2. If P1 is a maximal ideal of R1 and p the underlying prime
number, then there is more than one prime ideal of R lying above P1 if and only
if
(
D
p
)= 1 and (D1
p
) = 1. This is equivalent to p | f and (D
p
)= 1. Consequently,
the canonical map spec(R)→ spec(R1) is bijective if and only if
(
D
p
) = 1 for all
primes p dividing f , and by [16, Proposition 3], this holds if and only if R1 ⊂R
is a radical extension. We sketch an elementary proof of this latter fact which also
gives a quantitative result. Namely, we shall prove:
1. If
(
D
p
)= 1 for some prime p dividing f , then R1 ⊂R is not a root extension.
2. Suppose that
(
D
p
) = 1 for all primes p dividing f , and set
N = f
∏
p|f
[
1− 1
p
(
D
p
)]
.
Then xN ∈R1 for all x ∈R.
The proof of these two assertions follows immediately from the following
lemma. We leave the proof of the lemma to the reader as it is an exercise in
elementary number theory.
Lemma 4. Suppose that d ∈ Z is not a square, and let p be a prime number.
A. For any a, b ∈ Z, the following assertions hold:
(a) If p | d , the (a + b√d)p ∈ Z[p√d].
(b) If p = 2 and ( d
p
)=−1, then (a + b√d)p+1 ∈ Z[p√d].
(c) If d ≡ 5 mod8 and a ≡ bmod2, then ( a+b√d2 )3 ∈ Z[√d].
B. For all n ∈N, the following assertions hold:
(a) If d ≡ 1 mod8, then ( 1+√d2 )n /∈ Z[√d].
(b) If p = 2, ( d
p
)= 1 and x ∈ Z is such that x2 ≡ d modp, then (x+√d)n /∈
Z[p√d].
We conclude with a special case.
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Example 4. Suppose that R = Z[f√−1], where
f = 2epe11 · · ·perr
(with r, e ∈N0, distinct prime numbers p1, . . . , pr and e1, . . . , er ∈N). Then R is
inside factorial if and only if pi ≡ 3 mod4 for all i ∈ {1, . . . , r}. If this is the case
and
N = f
r∏
i=1
(
1− 1
pi
)
,
then xN ∈R for all x ∈ Z[√−1].
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